1. Introduction. The structure of all division algebras over the simplest type of non-modular field, the field of all rational numbers, has been determined, f The correspondingly simplest type of infinite modular field X is the simple transcendental extension K = F(x) of a finite field F. Every division algebra D over such a K is a normal division algebra of degree n over a centrum G which is algebraic of finite degree over K. It is well known that the problem of determining the structure of D is reducible to the case where n is a power of a prime p. When p is the characteristic of F the algebra D is called a ^-algebra and we shall solve the problem in this case. Our results will be valid if we replace the finite field F by any perfect field of characteristic p.
The theorem we shall obtain is remarkable not merely because of the character of the result thus derived but also because of the extremely elementary nature of the proof. By using a simple property of the field G described above we shall show that every ^-algebra with centrum G is cyclic and of exponent equal to its degree. Moreover this result is due to the unusual fact that all cyclic algebras over G of the same degree p e have a common pure inseparable splitting field. X There is no structure problem for division algebras over finite fields as they are always finite fields. [October, all polynomials in x with coefficients in F. Then the rational function field K = F(x) of all rational functions of x with coefficients in F is the quotient field of J. If a is in / such that
then ai = bi q with q -p h and bi in F, and
Evidently every quantity of the field K = F(x) is the ^-th power of a quantity of K 0 = F(y). This result will be shown to imply the following theorem:
. Let x be an indeterminate over a perfect field F of characteristic p so that every algebraic extension G of degree n over K = F(x) is inseparable of degree t = p e over its maximal separable sub-field H = K(u) of degree m = np~e over K. Then
(1) G = H(y) = Ko(u)=F(y,u), K 0 =F(y), y* = x,
so that G is uniquely determined in the sense of equivalence by H and t -p*. Conversely the field G of (1) has degree p e over H.
If q=p k and K(u 9 ) were a proper sub-field of H = K(u), the field H would be inseparable. Hence every quantity of H of degree m over K is uniquely expressible in the form We now let G\ be algebraic of finite degree over K so that G\ has a maximal separable sub-field i7 and degree t = p e over Ü. It is conceivably not a simple extension of H. Without loss of generality we assume that G\ is contained in a field which also contains the quantity y and hence the field ^(3^) = G. 
The exponentt of D is its degree p e so that conversely the cyclic algebra (3) is a division algebra if and only if x is not the norm of any quantity of the cyclic sub-field of Z of degree p over G.
The now standard notation (3) in our case means that Z is a cyclic field of degree p e = t over G with generating automorphism
and that every quantity of D has the form Mathematische Zeitschrift, vol. 33 (1931) , pp. 1-32, p. 8, showed that every algebraic field of finite degree over a simple transcendental extension of a finite field F is separable over F(x), for some indeterminate x. This inexplicit form of our Theorems 1, 2 is of course insufficient for our proof of Theorem 3.
t The results of Theorem 3 are also true for the case when G is algebraic but not of finite degree over K. For the method which leads to the reduction to the case of finite degree see the author's paper in this Bulletin, vol. 39 (1933), pp. 746-749. t The result that the exponent and degree are equal was proved for arbitrary degree n by E. Witt, Mathematische Annalen, vol. 110 (1934) , pp. 12-28. However his proof requires the same formidable machinery used for the analogous result on algebras over algebraic number fields, whereas the proof we give here is almost trivial.
Moreover y r z = z sr y r for every z of Z, y t = x. Thus (3) states that all cyclic algebras of degree t = p e over G have G(y) as a common splitting field (equivalent to a maximal sub-field of all such algebras).
For proof we notice that the result concerning G is clearly part of Theorem 1. Let A = ( F, T, g) Mathematics, vol. 54 (1932) , pp. 1-13 for proof.
